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ABSTRACT

Hadamard Matrices and M-Sequences (which formed a closed
sets under the addition and with the corresponding null se-
quence formed additive groups and generated by feedback
registers) are used widely at the forward links of communica-
tion channels to mix the information on connecting to and at the
backward links of these channels to sift through this information
is transmitted to reach the receivers this information in correct
form, specially in the pilot channels, the Sync channels, and the
Traffic channel.

This research is useful to generate new sets of sequences (which
are also with the corresponding null sequence additive groups)
by compose Hadamard matrices and M-sequences with the big-
ger lengths and the bigger minimum distance that assists to in-
crease secrecy of these information and increase the possibility
of correcting mistakes resulting in the channels of communica-
tion.
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Introduction

= M- Sequences: Let k be a positive integer
and A ,19,4,...4_1 are elements in the
fieldF,, then the sequence agy,a,...is called

non homogeneous linear recurring sequence
of order Kk iff :

A = @y T A8 ot A, + 4,
A eF,, i=01. k-1

k-1
or a'n+k = Z/fi’lanﬂ + ﬂ’ (1)
i=0

The elements ag,ay,...,ax_1 are called the initial
values (or the vector (a,,a,...,a, ,) is called the
initial vector). If 42=0 then the sequence
ag,dy,...1s called homogeneous linear recurring

sequence (H. L. R. S.), except the zero-initial
vector, and the polynomial

f(x)=xK + X+ gx+ g )

is called the characteristic polynomial. In this
study, we are limited to 4g =1.

If the characteristic polynomial is prime then the
sequence ag,d,... is called M-Sequence and

this sequence is periodic with period n=2%-1,
and each period contains n, = 2" —10f “0.s”

and n, =2 of “1.s”.

The set of all n=2*—-1cyclic permutations of
one period is closed under the addition by mod
2 and form an orthogonal set and any two

different permutations 2% 1of
disagreements and (2“!-1) of agreements,
f, = (22 —1)of the agreements are “0.s” and

contain

f, = 2“"?of the agreements are “1.s”.

We can collect the all permutations of one
period in one square matrix as following:

aQ apg
A a1 Qo Ay
a - @y
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Example 1. If a is a root of the prime

polynomial f(x)= x? +x+1and generates

GF(22) and Suppose the Linear Binary
Recurring Sequence be

@nyp =aApg +aAp OF @n,p+anp+an =0

2 1 x+1=0
polynomial

With the characteristic equation x
and the characteristic

f(x):x2+x+1, which is a prime then the
general solution of equation For the initial
position: a;=1,a,=0 is  given by:

2 .2n

a,=a-a" +a-a”", and the sequence is

22_-1=3 and Xq=

(101), by the cyclic permutations on X;we have

periodic with the period

M3 ={X{,X,X3} where:
X1= (101), X, =(110), X3=(011), The first two
digits in each sequence are the initial position

of the feedback register, and the set M3 is an
orthogonal set. The matrix of the all cyclic
permutations is:

101
A=|1 10
011
n=2>-1=3. n =2""-1=1 n,=2""=2
f,=2""-1=1 f,=2""=2
Example  2: The prime polynomial

f(x)= X3+ x+1 s prime and generates GF(23)
Suppose the Linear Recurring Sequence be :
apny3 =any1t+an Or apg+ap;+ap =0

3

The characteristic equation x°+x+1=0 and

the characteristic polynomial f(x):x3+x+1,
which is a prime and generates F23 and for the

initial position: a; =1,a, =0, a; =0, and the

sequence is periodic with the period 23 _1=7

and Yy; = (1001011) , by the cyclic
permutations on Y1 we have
0002
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M7 ={y1,V2,Y3,Va, V5. Vg, Y7 fWhere: y,=
(1100101) , y3=(1110010),

y4=(0111001), y5=(1011100), yc=(0101110),
y7=(0010111), the first three digits in each

sequence are the initial position of the feedback

register, and the set M- is an orthogonal set.
The matrix of the all cyclic permutations is:

001011

v 9]

Il
O O Fr O R kL Bk
O R O R Kk .
O Rk B P O
O R Bk B O O
e e ==
P P, O O KL O
, O Ok O K

m=2°-1=7. m =2*"-1=3, n,=2""=4,
9, =2""-1=3, f,=2""=4
[7], [10], [12], [15-18], [20], [27]

Hadmard Matrices: Hadamard matrices seem
such simple matrix structures: they are square,
have entries +1 or —1 and have orthogonal row
vectors and orthogonal column vectors.

A Hadamard matrix is invented by Sylvester
(1867), 26 years before Hadamard (1893)
considered them. The nxnHadamard matrix H,,
nin-1)/2 of “1.s” and n(n+1)/2 of
”1.s”. The binary representation of Hadamard
matrix gets replaced each’” by “0” and
replaced each “-1” by”1”

must have

Some basic properties of Hadamard matrices
are given by following theorem:

LetH, be an Hadamard matrix of order h then:
1. H.Hf =hl, , where
matrix of order h;

l,,is the identity

1
Zh
2. detH|=h?;
3. H.H} =H{H, ;
4. Hadamard matrices may be changed into
other Hadamard matrices by permuting

rows and columns and by multiplying rows
and columns by -1.
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5. Matrices which can be obtained from one
another by these methods are referred to as
H-equivalent (not all Hadamard matrices of
the same order are H-equivalent).

6. Every Hadamard matrix is H-equivalent
to an Hadamard matrix which has every
element of its first row and column equal +1
— matrices of this latter form are called
normalized.

7. If H,,is a normalized Hadamard matrix

of order 4n, then every row (column), except
the first, has 2n minus ones and 2n plus ones
in each row (column), and the set these rows
is called Walsh’s sequences

8. The order of an Hadamad matrix is 1, 2,
4n, where n is a positive integer.

(Sylvester) Let H,and H,be two Hadamard

matrices of orders h;and h,, then the

Kronecker product of H;and H, is an
Hadamard matrix of order hh,.
9. Standard Hadamard matrixH, have

orthogonal rows (columns) vectors and each
row (column) except the first row and first
column contains h/2 of “1.s” and h/2 of “-1”
and h/2 of disagreements and h/2 of
agreements h/4 of agreements are “1.s” and
h/4 of agreements are “1”. [1-6], [8,9],
[13,14], [19-26], [28,32].

The smallest examples are:
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Research method and Material

Definition 1.The Ultimately Periodic Sequence
ag,&,....with the smallest period r is called a
periodic iff: an,., =a, n=0,1.. [1,2], [12],
[15-18], [20-27]

Definition 2. The complement of the binary
vector X = (X, X,,..., X,), X; € F,{0,1}is the vector

X = (X{, Xp,.., Xp ) , Where:

(1 if
X- =
"o if

Definition 3. Suppose X = (Xg, X{,---» Xn—1)

Xj =0
¢y 12 ®)

and Y =(Yg, Y1, Yn_1) are binary vectors of

length n on F2={0,1}. The coefficient of
correlations function of x and y , denoted by
Rxy, Is:

R, = i"z‘:(—l) 4)

Where x; + yi is computed mod 2. It is equal to
the number of agreements components minus
the number of disagreements corresponding to

components or if X, V; €{l, -1} (usually,

replacing in binary vectors x and y each “1” by
“1” and each “0” by “1”) then

R,, = gxi Vi [1.2],[13-18] (5)

Definition 4. Any Periodic Sequence ag,ay,....
over F, with prime characteristic polynomial is

an orthogonal cyclic code and ideal
correlation [1-2], [12], [18].

Definition 5. Suppose X = (Xg, X1,---» Xn—1)

auto

and Y =(Yg, Y1, Y1) are binary vectors of
length n on GF(2)={0,1}, or components belong
to {1, -1}, is said strictly orthogonal if R, , =0
and orthogonal if R, , €{-1,0.1} ). [1,2],[13-18]

Definition 6. Suppose G is a set of binary
vectors of length n:

G — X5 X =Xy Xyseees X1 1),
x, e F, ={0,14},i=01,...,n—-1
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Let's 1"= -1 and 0" =1, The set G is said to be
strictly orthogonal if the following two conditions
are satisfied:

n-1
1.VX €G, Y x =0,0r|R,o|=0.
=0 (6)

R,

n-1
2.¥X,Y €G(X #Y), Y- x'y; =0orR,,[=0. (7)
i=0

That is, the absolute value of "the number of
agreements minus the number of
disagreements” is equal to zero, and orthogonal
if the following two conditions are satisfied:

n-1

1.VX € G, > %" <1l0r|Ryo|<1.
i=0 (8)
n—1
2.VX,Y eG(X #Y), D X'y, <lor|R, [<1. (9)
i=0

That is, the absolute value of "the number of
agreements minus the number of
disagreements" is equal to zero. [1,2],[13-18]

Definition 7. The matrix A=[a;;] is called

Hadamard matrix if it is a square matrix and
each entry is equals 1 or ”-“ (where - denotes -

1) with the property that if the size of A is then
ATA=AAT =hl,, in the decimal counting

system, and the distinct rows vectors are
mutually orthogonal. [20-27]

Definition 8. If all entries of the first row and
the first column in the Hadamard matrix are
equal to “1” then the matrix is called standard
Hadamard matrix.

Such matrices were first invented by Sylvester
(1867) who observed that if H is an Hadamard
matrix, then:

I

Is also an Hadamard matrix. [3-12]

(10)

Theorem 1.
i. If

recurring sequence of order k in F, ,

ag,d,.... IS a homogeneous linear

satisfies

0004
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ii. (1) then this sequence is periodic

iii. If this sequence is homogeneous linear
recurring sequence, periodic with the
period r, and its characteristic polynomial

f(x) then r|ord f(x).

V. If the polynomial f(x) is primitive then

the period of the sequence is 2K 1, and
this sequence is called M — sequence.
[7], [16], [17], [27]

(Sylvester (1867)): There
Hadamard matrix of order 2'for all nonnegative
t. The matrices of order 2'constructed using
Sylvester’s construction are usually Referred to
as Sylvester-Hadamard matrices. [3-6], [13,15],

Hadamard (1983) gave examples for a few
small orders. [5-6],[8],[13-14],[22-23],[31-32]

Lema 2. is an

Results and Discussion

First. Suppose A and B are tow square binary
matrices of orders n, m respectively, compose
the matrix A with the matrix B or A(B) is a the
result of replacing each entry “0” in the matrix A
by the full matrix B and replacing each “1” in the
matrix A by full B complement of the matrix B
and A(B) is a square matrix of order n.m .

The study is similar when A or B is rectangular
matrix.

Example 3. If:

110
11
A= and B=|0 1 1
10

101

0 01
then: B=|1 0 0
010

[0 0 1|0 0 1]

1 00[{1 00

. 101 0/0 10

a\nd.A(B)_O01110

10 0/0 11

01 0'1 0 1]
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If: A= [aij ]n =|. ,

B = [bkl ]m =

[ A1 (B1) |
Aq(B3)

A1 (Bm)
Az (B1)
Az (B>)
AB) =|---
AZ(Bm)
An (B1)
An (BZ)

An (Bm )_ n.m (11)
And A; = A(Bj)the result of compose the ith

row in the matrix A with the j row of the matrix
B.

If A;contains n1 of “0.s” and nz of "1.s” then A
contains n1 of “1.s” and nz of "0.s” and if B;

contains m1 of “0.s” and m2 of ”"1.s” then B_J
contains mi1 of “1.8” and m2 of "0.s” and
A; = A(Bj)contains nm; +n,m,of ‘0.s" and
n,m, +n,m; of “1.s” and A;; = A (B;) contains

The same number of ‘0.s’ and of “1.s”, from

example 1.:

Ayz = A,(B;) =[10]([101]) =[010101].

Our purpose now to study the following: From
the information about two rows A , A, from the
matrix A and two rows B, ,B; from the matrix B

then what is the number of agreements and the
number of disagreements between

Ail(Bh) and Aiz (Biz) )

If there are two rows from the matrix A, for
simplicity A;, A, have: the  same length
0005
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n=n, +n,, where n1 is the number of “0.s” in

each of them and n2 is the number of “1.s” in
each of them and the number of agreements
between them is f; =r, +r,where r1 of theme

are “0.s” and r2 of theme are’1.s” such the

number of disagreements is
fo=n—fi=(n-n)+(2-r2)=[n—-(n+rp), by the
same way :

If there are two rows from the matrix B, for
simplicity B,, B, have: the same length

Representation 1: Compare A (B,) and A,(B,)

m=m; +m,, where m is the number of “0.s” in
each of them and mz is the number of “1.s” in
each of them and the number of agreements
between them isg, =h, + h,where hi of theme
are “0.s” and hz of

theme are”1.s’such the number  of
disagreements is
g2 =m—gg = (m —hy) +(mp —hp) =[m—( +h)2].

Such the representation of the information as
following:

nqof "0.s" nyof "1.s"
T1 (n1—-11) (nz—12) T2
00 .. 0 oo ..o 11 ..1 11 . 1
A (By) = B,B, ..B, BB, ..B, BB, ..B, BB, ... B,
BZ BZ BZ EZ EZ . EZ Bz Bz . BZ EZ EZ Ez
0 0 011 .1 00 .. 011 ..1
T1 (np—17) (ny1—71) T2
A2 (BZ) = nq0f"0.s" npof"1.s"

e The number of agreements between A1 and Azis: f, =1, +r, .
e The number of disagreements between A1 and Azis: f, =n—f, =[n, —(r, +1,)].
This representation showing a need to compare:B, and B,, B, and B,, B, and B,and
B, and B,,
a. Compare B1 and B2: The Representation of the rows B1 and B2 of matrix B is as following:

Representation 2: Compare B, and B,

mq of "0.5" my of "1.5"
hq (my1—hq) (mz—h3) ha
B, =
00 00 O .01 1 11 1 ... 1
0 0 01 1 100 01 1 ... 1
Bz — hy (mz—hy) (my—hq) hy
mqo0f"0.s" myof"1.s"

e The number of agreements between Bi and Bzis: g, =h; +h,

The number of disagreements between Bi and Bz is: g, =m—-g; =[m—-(h, +h,)].

b.  Compare B1and B, : The Representation of the rows B: and B, of matrix B is as following:

Representation 3: Compare B, and B,

Http://escipub.com/american-journal-of-computer-sciences-and-applications/ 0006



Ahmad Hamza Al Cheikha, AJCSA, 2017; 1:10

mq of "0.5" my of "1.5"
hy (my1—hy) (mz—h3) h
B, =
00 00 0 ..01 1 11 1 1
B, = 11 ..100 ..011 .10 0 .0
hy (mz—h3) (my—hq) h
mqof"1.s" mypof"0.s"

e The number of agreements between B: and B, is: g, =m-g, =[m—(h, + h,)1

the number of Disagreements between Bi and B, is: g; = (h, +h,).

C. Compare B, and B, : The Representation of the rows B: and B, of matrix B is as

following:

Representation 4: Compare B, and B,

mq of "1.5" my of "0.s"
B hy (m1—hq) (mz—hy) h;
1 11 11 1 10 0 00 0
0 0 01 1 100 01 1 1
Bz — hq : (?:rlz—hz) (myi—hy) __ h3
mq0f"0.s myof"l.s

The number of agreements between B, and B,is: g, =m—g; =[m—(h, + o)1

The number of Disagreements between B, and B,is: g; =h, +h,.

Compare B, and B, : The Representation of the rows B, and B, of matrix B is as
following:

d.

Representation 5: Compare B, and B,

mqof "1.s" my of "0.5"
B — hy (m1—hq) (mz—hy) h;
! 11 11 1 10 0 00 0 0
11 10 0 011 10 0 0
§2 - hy (mz—hy) (my—hq) hz
mqof"1.s" myof"0.s"

e The number of agreements between B,and B, is; g; =h, +h,.

e The number of disagreements between B,and B, is: g, =[m—(h, + hz)]_

First Step: For one row A, of the matrix A and two different rows B;, B, of the matrix B then

from the representations (2,5) and from the following representation of A;, B;,By:

Http://escipub.com/american-journal-of-computer-sciences-and-applications/ 0007
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Representation 6: Compare A(B;) and A(By)

nqof "0.s" n, of "1.s"
1 (ny-r1) (nz-13) 2
0 0 0 00 011 .1 11 .1
Bk Bk e Bk Bk Bk en Bk Ek Ek e Ek Ek Ek . Ek
00 00 0 0 1 1 111 .1
1 (n1—-11) (ny—13) T2
Ai (Bk) = niof"0.s" nyof"1.s"
We have : e The number of agreements is:
e The length of A(B;) and A(B,)is: n.m ng, =n(h, +h,).
. The number of disagreements is:
e The number of “0.s” in each of them is: ng, =n[m-(h +h,)].
n,m; +n,m,. The difference d between the

e The number of “1.s” in each of them is:
nm, +n,m,.

disagreements and agreements is:
d :|n 9, _n91| :|n[m_(h1 +h,)]=n(h, + h2)|
d= |n[m -2(h, + hz)]|

Second Step: For two different rows A, A; of the matrix A and one row B, of the matrix B and

from the representations (2-5) and from the following representation of A, A;,By:

Representation 7: Compare A (B,) and A;(By)

nqiof "0.s" n,of "1.s""
&Y (n1-11) (nz-12) T2
00 .. 0 0O 0 _1_1...1_ 1_1 _1
'A\I(Bk):> Bk Bk Bk Bk Bk Bk BkBk Bk BkBk Bk
By By .. BxBy By .. B, BxBx - BiBy By .. B,
0 0 01 1 1 0O 01 1 1
r1 (ny—ry) (n1-71) T2
Aj (By) = n.0f"0.s" nyof"1.s"
We have : e The number of agreements is:
e The length of A(B,) and A;(By)is: n.m mfy =m(r +1y).
. e The number of disagreements is:
e The number of “0.s” in each of them is: mf, =m[n—(r +1p)].
n,m; +n,m,. e The difference d between the

e The number of “1.s” in each of them is:
nm, +n,m,.

Http://escipub.com/american-journal-of-computer-sciences-and-applications/

disagreements and agreements is:
d=|mf, —m fy|m[n—(r, +ry)1-m(r, +r)m|
d =|[n-2(r, +r,)Im|
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Third Step: For two different rows A;, A; of the matrix A and two different rows B, , B, of the

Matrix B and from the representations (1-5) and from the following representation of

AL A BB

Representation 8: Compare A (B,) and A;(B,)

nqyof "0.5" ny of "1.s""
T (n1—-71) (nz—12) )
00 0 00 0 11..1 11 1
A(B) = ByBy.. B, B.By ... B, B.B..B, BB ... By
Bl B[ Bl El El El Bl Bl Bl El El El
00 01 1 100 01 1 1
"1 (na—12) (ny—-71) Ty
Aj (B|) = n,0f"0.s" nyof"1.s"

We have:

e The number of agreements between A,
and Ajis: f,=(rp+1,).

The number of disagreements between
Aiand Ajis: f, =[n—(r,+1,)]

The number of agreements between By
and Byis: g, =(h, +h,).

The number of disagreements between
Bkand Byis: g, =[m—(h, +h,)]

The length of A(B,) and A;(B;)is: n.m

The number of “0.s” in each of them is:
nm; +n,m,.
The number of “1.s” in each of them is:
nm, +n,m,.

The number of agreements between
A(By) and A;(B))is: fig; + f,g,, oris:

(r+1r)(hy +hy) +[n—(r, + r)llm—(hy +hy)]
The number of disagreements between
A(By) and A(B))is: fig, + f,g;, oris:
(r, + rp)[m=(hy +hy)]+[n—(r, +1,)]1(hy + hy)

The difference  d between the
agreements and disagreements of

A(By) and A;(B))is:
d= (|f191+ f9,) - (1,0, + f,91) |
d=(f,-£,)(0:-9,) |

Or:
d= nhw—Zn(h1 +h,)=2m(r, +1,) +4(r +1,)(h, +hy)

Example 4. Using binary representations of the standard Hadmard matrices:

0000000 0

01010101

0000 00110011

00 0101 01100110

H2 {o J‘H“ 0011/"M=lg 000111 1/M"

0110 01011010

0011 1100

0110100 1]

Http://escipub.com/american-journal-of-computer-sciences-and-applications/

1
o

O O O O O O O o o oo

00000000O0O0O0O
00110110110
00101101101
111000000111
10011001110
01011010101
11111100000 Mm
10110011001
01101011010
11000111100
10001110011
01010101011
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The set of row of a standard Hadamard matrix
form an additive group for addition by mod 2

and the set of this rows except the first row iii.

also closed under the addition (Walsh’s
Sequences).

Except Hz , First row contains only “0.s” each
of the other rows contains 2h, of “0.s”, 2h, of

“1.s”, 2h,of disagreements 2h, of

agreements, hi of the agreements are “0.s”
and the other

and

hi are "1.s”.

Is very clear: H2 (H2) = H4 is an Hadamard
matrix.

All entries of the first row in H,(H,,)are “0”

and each other row contains 4h of “0.s” and
4h of “1.s” and orthogonal with the first row,
the order of the matrix H,(H,,)is 8h.

Example 5.

Han H4h:|
Han Hap

HZ(H4h)=[
Each row except the first row contains 4h of
“0.s”, 4h of “1.8” and any two different rows
except the first contain 4h of disagreements
and 4h of agreements (from third. The
difference between the agreements and
disagreements is:
d=(f, - f,)(g, - 9,) =(@-1)(2h-2h)=0) 2h
of the agreements are “0.s” and the other 2h
are “1.s” also because this set of rows is
closed under the addition. Thus these two
rows are orthogonal and the columns of

H,(H,)have the same properties of the
rows and H,(H,,)is an Hadamard matrix. By
the same way for H,,(H,)is an Hadamard
matrix.

Hy(Hqp) =

O 0O O OO0 O OO0 O O 000 OO0 O OO0 O OO0 O O o
OFRr P ORFR P ORRPROOOCOR R ORRFEPROLRIERELROOO
m OFR, P OFR P OF O O0OOFR OR RPRORRPLROROOO
O 0O O R RP R OORRREPROOOOR R EFEP,OOLRIRLIRERO
mH O 0O O R RFPREPREPLOOROFROOORERERRLRREROOLRO
OFr OFrPr OFR PP OPFPF OOCORFR ORFR ORFRPRPRPEPOLPROO
P P P OOFRP OO0ORFR PR OFR PR EPROOR OOOHL RRERO
OFRr P RPRFPROFP OOORFROORRPRRER PR ORPR OOOLFrR o
m OFR P P OORFR OF OO0OF OR RPRPEPR OOLR OR OO
O OFrPr OO0 O R PR PR EPLPLOOORER OO0OR R REL R RELR O
m P OFr OO0 OR PR ORORFRRPFPR ORFR OOOIRRFER ORFR O
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r OO pPrPr oOpFrr or r ook, P ook, O Ok oo

P P P P P PP PP PP PO O O0OO0OO0OOO0OO0OO O O
P PP OO ORFR P OOORFODOOR R EFEP OOILEPRRLR P O
O P P P OOOOR PFPF OPRFIFP OOOR B REPRPEPOORFrR O
P OPFr OFr OO0 oOoFr OF FPFOPFP OFR OFP PR P OLFPFR OO
O OO Fr P ORF PP OOURRERPRPLOOR, OO OLPR Pk O
P P O F P P O OOOOU PRFOOR OO0 OR P R L P O
o o Fr OkFr PP OoOOokFr O PRFPFP P OPFr OO0 O Pk P O P o

P OOPFrPr O o Fr OO0 kr PP PFrPROPFPPFP OPRFR PFP OPFP P OOO
O PP OO Pr OO r OoOFr P PFPFkFRPOFP P OLPPFR OLPPOOO
P OO OO prFr oOFr P PFPF OoOPFOoOPEFr PF PFPF P OPFP O OO o
O rOoOookFrRr PFr oOoOFr OF FPRFroOkFr PP OOLPP O PEr oo
o opr rokr okr oo r PRPrPr oOoOkr, oOoOFr O F kP oo

0010
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In this matrix, except the first row (column),
each row (column) contains 12 Of “0.s” , 12 of
“1.8”, 12 of disagreements and 12 of
agreements, 6 of the agreements are “0” and 6
of agreements are “1.s”

iv. Al entries of the first row in H,, (Hg,,)are “0”

and each other row contains 8hh, of “0.s”
and 8hh, of “1.s” and orthogonal with the first
row and the order of the matrix is:16h;h, .
For any two different rows, except the first
row
e The number of agreements between A and
Ajis: f, =(h, +h)=2h,.
e The number of disagreements between A;
and A;is: f, =[4h, —2h]=2h,
e The number of agreements between Bk and
Biis: g, =(h, +h,) =2h,.
e The number of disagreements between Bk
and By is: g, =[4h, —2h,] =2h,
< In the composition A;(B;) and A (By):
e The number of
ng, = 4h,(2h,) =8hh,.
e The number of
ng, =4h(2h,) =8hh,.
e The difference d between
disagreements and agreements is: d =0

agreements Is:
disagreements  is:
the

Thus, second condition of the orthogonal is
verified.

* In the composition A (B, ) and A;(B,):

e The number of
m f, = 4h,(2h;) =8hh,.

e The number of
m f, = 4h,(2h,).

e The difference d between
disagreements and agreementsis: d =0

agreements is:
disagreements  is:
the
Thus, second condition of the orthogonal is

verified.
« In the composition A (B,) and A;(B)):
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e The number of agreements is:
f,0, + f,9, = 2h,(2h,) + 2h,(2h,) =8h;h, .

e The number of disagreements is:

f,9, + f,09, =2h,(2h,) + 2h,(2h,) =8hh, .

The difference d between the

disagreements and agreements is “0”, or :

d= |(2h1 —2h)(2h, — 2h2)| =0

e The columns of

Hp, (Hapn,) have the same
properties of the rows and H,j, (H,,,) isan
Hadamard matrix. By the same way for
H 4, (H4r, ) is an Hadamard matrix.

Thus, second condition of the orthogonal is
verified and rows of A(B) except the first row
form an orthogonal set

Second. Compose binary matrices is
associative: We will prove that
A(B(C)) = (A(B))(C)for any A, B, C binary
matrices.

Suppose:
Al B]_ Cl
A, B, Cz
A=laijly =|. "~ [ B=lowln, =|. = | C=[Cmln, =|.
Ah Bh Ch

1 2

From the left side:
. AGB(C)) = |a (B(C))Jhl-hz.h3 =120y
[ ] If aij =0 then:

From the left side:

B,(C) B11(C) b2 (C) e by, (C) |
By(C) | |byy(C) bpp(C) o by, (C
2y (BC) = (BC)) = 2( ) |_[P21(C) b22(C) 2n, (C)
By, (C)] | bp,1(C) by2(C) . bpyan, ©)]
From the right side:
B(C) | |P11(C) bo(C) e byy, (C) |
B,(C) | |b,4(C) byp(C) o byr. (C)
@B)C) =@)C)=| - |=] e
Br, (C)] | bp,a(C) by,2(C) by, (C)
Thus: AB(C)) = (A(B)(C)
e If a; =1 then:
From the left side:
0011
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B,(C) b11(C) byo(C) v by, (C)
2 (BC) — (BO)) - .B..Z(C) _ |b21(©) byp(C) ban, (C)
By, (C) by,1(C) bry2(C) . bp,un, (C)
From the right side:
B,C) ] |Pu(C) bo(€) e by, (C)
(a3 (B)(C) - (BLC) - B2(C) | |by1(C) bpp(C) . ban, (C)
B, ©)] |By1(C) Brya(©) - Bryan, )
Is B(C)=B(C)?
olf by=0= {bk'(c)zaf)zé, if by =1=
by (C)=0(C)=C

{%(C) =1(c)=0(C)=C
by (€)=1(C)=C =C

Thus B(C)=B(C)

Thus for any binary matrices A, B, C : A(B(C)) =
(A(B)(C) and compose binary matrices is
associative.

Result: If n=nn,n; and there are Hadmard
matrices of orders ni , nz , n3 then there is
Hadmard matrix of order n=n,n,n,.

Third. There is Identity for compose binary
matrices that is Null matrix O = [0] and for any
binary matrix A is A(O) = O(A) = A.

Forth. Compose binary matrices is not
commutative:
Example 6:
(1 0 1|0 1 O]
.- 10 1 11 0(0 01
01 1/1 00
{10}110_010101
011 0 01(1 10
10 0'0 1 1]

Http://escipub.com/american-journal-of-computer-sciences-and-applications/

1 0 0 1 1 O]
1 011001
001_101001
1 0/)] |01 0110
1 0110710
100 1 0 1]

And clear that:

101 101
01 01
1 10(#/110
10 10
011 011

Fifth. For the binary matrix A there is no
inverse A’ such A(A’) = A’(A) = O = [0].

Example 7: Suppose (a)=a,,&,a,,...,&,;and
(b) =by,b;,b,,...,.b, ;are one period of two
binary M-Sequences with the lengths n=2" -1

,m = 2*2 —1 respectively, and the matrix A is the
all cyclic permutations of the sequence (a), the
matrix B is the all cyclic permutation of the

matrix (b).

Thus each row of the matrix A contains
n, = (2" -1)of “0.s"and n, = 2"t of “1.8”.

The rows of the matrix A are closed under the
addition mod 2 and any two different rows are
orthogonal and contain f, = 2% disagreements
and f, = (2" -1)of agreements, r =2%?of

agreements are “1.s’and r, =(2%?-1) of
agreements are “0.s”.

Thus each row of the matrix B contains
m, = (22 —1)of “0.s” and m, = 2*2'of “1.8".
The rows of the matrix B are closed under the
addition mod 2 and any two different rows are

orthogonal and contain g, =2%*
and g, = (2" —1) of

agreements, h, = 2¥272 of agreements are “1.s”

disagreements

and h, = (2272 —1) of agreements are “0.s”.

+ In the composition A(B):

0012
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e The length of each row is:
nm = (2% —1)(2%2 —1) = 2ktke _ (oM 4 2ke) 41

e The number of “1.s” is:
nm, +n,m, = (247 )2k —1) 4 2Ktk

e The number of “0.s” is:
_ (2k171 + 2k271)

e The difference between the number of “0.s”
and the number of “1.s” is 1. Thus, the first
condition of the orthogonal is exist.

In the composition A;(B;) and A (By):

e The
ng; =(2

_ kl+k271
nm, +n,m; =2

X/
°

number of agreements is:
kq _1)(2k271_ ) k1+k2 (2k1 +2k2 )_l_l

e The number of disagreements is:
ng, = (2% —1)(2% ) = 2krket _pket,

e The difference d
disagreements  and

d =2% -1 Thus, second condition of the
orthogonal is unverified.
% In the composition A (B,) and A;(By):

e The

between the
agreements  is:

number  of  agreements IS:

mf, = (2'2 —p(294t —1) =2t (2N 1 22) 41

e The

number of disagreements is:

m f2 — (2k2 _1)(2k1—1) _ 2kl+k2—l _ 2k1—1.
e The difference d between the
disagreements and agreements is:

d =2 -1 Thus, second condition of the
orthogonal is unverified.

« In the composition A (B,) and A;(B)):

e The number of agreements is: f,g, + f,0,.

e The number of
fi9,+ f,0;.

e The difference d between
disagreements and agreements is:

disagreements  is:

the

d=[(f, - £,)(0, - g,)| =2 -) -2 2 -9 2] =1
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Thus, second condition of the orthogonal is
verified

For remove the non-orthogonal situations need
think about extend the rows of the matrix A and
the rows of the matrix B by adding “0” at the
beginning each row of them, thus we have:

n=2% n =241 n, =241 f = f, =27
m=2% m, =21 m, =2%? g, =g, =2%"

“_n
~

% In the composition A(B): where the “~” is the
signal of extending, and A(B)of the size

(2" —1)2*2 —px2k12kz .

e The length of each row is:
nm = 24122 = plarke

e The number of “1.8” is:
nlml + n2m2 — 2kl_12k2_1 + 2kl—12k2—1 — 2k1+k2—1

e The number of “0.8” is:
nm, +n,m, = oki-loka-1 | oki-lokp—l _ okytkp-1

The difference between the number of “0.s”
and the number of “1.s” is 0.

Thus, the first condition of the orthogonal is

verified.

% Inthe composition,zﬁ(lgj)and ,&i(ék):

e The

ng, = 2"2%

e The
ng, =2

e The difference d between
disagreements and agreementsis: d =0

number of
-1 — 2k1+k2fl

agreements is:

number  of
— 2k1+k2—l .

disagreements  is:
ki k-1

the

Thus, second condition of the orthogonal is
verified.
% In the composition ;\, (I§k) and ,&j (E~3k) :

e The number of agreements is:

m fl — 2k22k1—l — 2k1+k2—l .

e The number of disagreements is:
m f2 — 2k2 2k1—1 — 2|(l+k2—1.

e The difference d between the

disagreements and agreementsis: d =0

Thus, second condition of the orthogonal is
verified.
0013
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% In the composition A (B, ) and ,&j(él); e The difference d between the
disagreements and agreements is:

d= |(f1 - f,)(9;, - 92)| =0
Thus, second condition of the orthogonal is

e The number of agreements is: f;g, + f,0,.
e The number of disagreements is:

f19,+ f,0;.
verified.
From example 1. And example 2.:
1 001 0 1 1] (001101 0 0]
1100101 0011010
1 1 1110010 0001101
A=|1 0/,B=|0 1 1100 1|/,B=[1 000 110
0 1 1011100 0100011
0101110 1010001
001 011 1] 110100 0
And

A(B) =

oo kFr okFr FrPr FrPFEF P OPFPF OOORF,PFP OPFL, O o o
O r OkFr FrPr P OF OPFPr OO0 O Rk O P O O O Bk
R O F P P OO0 PP OO O F PO PF OO O - -
o r P PP OO kFRFkF OO Ok kP OFrF OO0 o F +—» O
P P P OO PFRP OO OO FR, P O rOOOWRP Pk O Bk
r P OO P OPRPOOFPPFPFOPFP OO O, PF, O, O
P OO P OFRPr PFPOFPPFPOPFP O OO PEFEP OPFP OO
P P O kP O O OF P O FP OO OO0 O Fr O F P~ -
ok, OO O FRPFOPFP OOORFrROPRPP O P L O
o Rrpr oo oOokr RrPOPFRP, OOOF PRIk OF PP P, OO
P OO OFr P Ok OO0 O FrPr P OO F, P P OO Bk
o oo r P OPO OO PFPF O FPFPPFP PFP P OO O
ook, P O kP, OO O P O PF ORF P OO PF OB
o rProOpPFr oOookr kb OkFr O Ok OO PFr Ok Bk
r P OPrPr OO0 O0CoOoO ok, O kFr PP PrkFkr P OPFr Oo o
P O r OO O PFrRrROFRP, O F PFP PFP OPF O P O O O Bk
Ok OO O F Pk O F P kP OO0 Fk OO O F -
OO O F PFPF OO F P PP OO FRPF O OO F +— O
o ook P O kFrFkF PP OOPRFPF OO O Ok P O B
oo —r PbpPOoOoOPFPrPrOoOFkF P OOk, O RroOoO kL, kP O o
o r PO PFrPr OO0okr OO0 r O Fr PO, P O FP, OO

+ In the composition A(B): Thus, the first condition of the orthogonal is
e The length of each row is:  exist.
nm = (24 —1)(2%2 —1) =3(7) = 21 < In the composition A/ (B;) and A (B,):
e The number of 1.8 is: o The number of agreements is: ng, =3(3) =9
nmy +n,m, =1(3) +2(4) =11 e The number of disagreements is:
e The number of “0.8” is: ng, =3(4)=12.
MMy +Npmy =1(4) +2(3) =10 e The difference d between the
e The difference between the number of “0.s” disagreements and agreements is: d =3

and the number of “1.5” is 1.
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For example, the first seven rows, or between «»

8-14 rows, or between 15-21 rows. Thus,
second condition of the orthogonal is unverified.

In the composition A (B, ) and A, (B,):

e The number of agreements is:
mf,=70)=7.

e The number of disagreements is:
mf, =7(2)=14.

e The difference d between the

disagreements and agreementsiis: d =7

For examples: between the 1" row and 8™ row,
between 2" row and 9™ row, ...Thus, second
condition of the orthogonal is unverified.

>
I
o o o

(oo}

Il
O O 0O o0 o o o
O O O F - B
O O F P P O
P O B P B O O
O P P O O -
P P P O O Bk O
P P O O+ O -
P O O F O B B

w1
e el el W S =

O O O O O O O O O O O O O o o o o o o o o
O O FPr ORFR P FP O ORF OFRF R P OOFRFR OFR R, B,
OFr OFRP PP OOFF OFR PP OOHPRPROHLRPREL PO
P O kR P P OORFR ORFRRPREREPROOL-ROL RIRLRPRELR OO
oOrRr PP OOFrR OF PP OOPFR OFR PP PFP O O P
R P P OORFR ORFP R PR OORO-RIBRLPEPOOTLHRO
P P OOFrR ORFRPRPRRFPROORORIRPRRPLOOLRO R
P O O0OPFrP OFP PP OOFR OFP P PFP OOHLFPRPOPRF P
O O O O O O OFR P R REP P P RPRE R PR P R R
O O FrRr O FR P RPFP P OPFPF OOOFr, P OFPr O oo
O r O Fr P P OF O PFr OO0 O kFPPEFkr O Fr OO O
P O R P P OO0 kP OO0 O F PO PFP OO O - -
o Rr P P OO RFRPRPF, OO O F P OFr O O O Fk +» O
P P P OO R OO0 O O kR P O FPO O Ok P O B
P P OO PFRPF O RO OF PFPF OPF OO O P+ OF o
P OO FRr O FRr PO PFP PFPF OPFPF O OO, » OF, OO
P PR R R PR PR PR PR R RPRPOOOOOOO

The length of any row is: 4(8) = 32 and contains
16 of “0.s” and 16 of “1.s”. Any two different row
contain 16 of agreements and 16 of

disagreements and rows of A(B)is closed
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P P OFPr O O OFR P OF OO0 00 O R O R B k.

In the composition A (B, ) and A;(B)):

e The number of agreements is:
f,0, + 1,0, =1(3) +2(4) =11.

e The number of disagreements is:
f,g,+ f,0, =1(4)+2(3) =10.

e The difference d Dbetween the

disagreements and agreements is:
d =[(f, - f,)(0: —9,)] =247 ~D 257 [(2"* ~) - 2] =1

For example: between the 1" and 9" row,
between 1" row and 10%row, ..., second
condition of the orthogonal is verified.

By extend the matrices A and B:

0110100
0011010
0001101
1000110
0100011
1010001
110100 0

P O FP OO0 O RFRRPFPR OF OO0OORFRO R OFR R R O
O r OO0 O FPF PO PFPF OO O F FPRER O F KRB RFPR O O
P O OO FrPr P OF OO O FPF kP OO R B kP O O k-
O OO Fr kP OFrPO OO PFP OPFPFR P PF OO F O
O O Fr P OPFrPr OO O FRr P OF OF P OO F O k-
O P P OFP OO0 FP P OPF OORKr OO0 Kk O F k-
P P PP P P PO OO OOOOR PP RF P P P P
P P OPFP OO 0O O FrR OFR KB RLPRPEP P OPFP O OO
B O F O O O FORFP OFRFR PR P OFP OFP OO0 O K
Ok OO0 O R PR ORRPRPEPROOO R OO O R
P OOORFR PFP OO F FP PF OORFRPRPEFL OO O P+ O
O O O P P OFRFP RFPF PFPF OOF OO OO F» O P
oo kFr P O FPF OFR P OO F O RFPOOF PP O, o
O P kP OFr OOPFr OO0 Fr OFr PO PR P ORFR OO

under the addition by mod 2. Thus rows of
Z\(é')is an orthogonal set. Coming back to
system {1,-1} replacing each “1” by “-1” and
each “0” by “1”.
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Conclusion

1. The operation of compose binary matrices is
associative, non-commutative, there is identity
and no inverse.

2. compose two Hadamard matrices is also
Hadamard matrix.

3. If "=MN2Nkang there are Hadamard
matrices of orders ni, n2, ..., nk then there is
Hadamard matrix of order n

4. Using compose matrices we can get
Hadamard matrices with the bigger lengths and
the bigger minimum distance that assists to
increase secrecy of these information and
increase the possibility of correcting mistakes
resulting in the channels of communication.

5. Compose two matrices of M-Sequences is
not matrix of M-Sequences and the result of
composition is not orthogonal set.

6. we can extend the matrices of M-Sequences
to getting orthogonal matrix with big size, with

the bigger lengths and the bigger minimum
distance that assists to increase secrecy of
these information and increase the possibility of
correcting mistakes resulting in the channels of

communication.
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