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1. Introduction

The theory of strongly continuous study with
the fundamental result of Hille and Yosida
dating back to 1948. Several monographs and
textbooks cover the by canonical material ,
each of them having its own peculiar point of
view One may focus entirely on the
semigroup, and consider the generator as a
derived concept (as in [3]) or one may start with
the generator and view the semigroup as the
pre-Laplace transform of the resolvent (as in
[1]).

On the other side, during the last two decades
the theory of functional calculus has proved to
be an indispensable tool to deal with abstract
evolution equations, above all in the discussion
of maximal regularity. Despite their success,
these methods have been mainly restricted to
sectorial operators and hence to holomorphic
semigroups. Eventually, C, -groups were
covered by a functional calculus for strip type
operators [4]; but this was done because of the
prominent role the groups of imaginary powers
of a sectorial operator play in the parabélic
world by Markus Haase [9]. Anyway, .an
approach to general semigroups Via
holomorphic functional calculusds®missing,up to
now, as well as one for cosine operator
functions (In fact that it was not elear for some
time whether cosine functions could be treated
by functional calculus method at all) .

Want to close this gaps We complement the
existing holomgarphie,, funetional calculi (for
sectorial and strip-type operators) by two more,
one ondhalf planesyand one on parabolas. (The
first coversfgeneral semigroups, the second
cosine funetions.) The strength of this approach
lies in the fact that do not have to require the
operator to generate a semigroup or a cosine
function, but can work just with a certain
natural growth condition on the norm of the
resolvent. As a conseqgence can give a short
and straightfoward proof of the Hille—Yosida
theorem, based only on one of the
cornerstones of general functional calculus
theory, the so-called Convergence Lemma A

similar remark applies to the Trotter—Kato
theorem.

So it turns out that the theory functional
calculus indeed provides a valid starting point
for general semigroup theory, not only in the
holomorphic case.

2. A functional Calculus on the Half-plane
Let A; be the sequence of generators of (-
semigroup (T7(1 + €))a+e)er
space X. Would like to interpret
T/(1+¢) = (e99)(4)), (e>)=1),

on a\ Banach

were e(1*8)Z denotes the complex function z —
e(1*82 and this should, only be,a special case
of a general set-upsin whieh “f;(4;)” are defined
in a reasonablée way foras much functions f; as

possible. The'approach is based on the Cauchy
integral formula;yasswe shall see, this to be
viable requires only knowledge of the resolvent
outside " the sequence of spectrums of 4;. (In

particular, “the generator property is not
necessary to construct the functional calculus in
the, first place.) As the procedure should work
for all semigroup generators, lead to a
functional calculus on (left) half-planes.

Let us fix some notation. For (1 + ¢€) € [-, =]
define

Ly ={z€C|Rez< (1+¢)}
Ra+e)y ={z€C|Rez>(1+¢)}
the open left and right half-planes defined by
the abscissa Re z = (1+¢), where in the
extremal cases one half-plane is understood to

be empty, and the other is the whole complex
plane.

Say that the sequence of operators A; on a
Banach space X is of half-plane type

(1+¢&) € RU {==}, if R145)C €(4;) and

Mpgrey = Mpye) (4;) = sup{ R(z, 4;) | Re z
2B +e}<e

forevery f + > (1 + ¢). We call

(1+¢)o(4)) = min{(1+¢) | 4; is of half-plane
type (1 + &)} € [, =]
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the abscissa of uniform boundedness (in short:
the aub) of the sequence of operators 4; .

Since all notions are invariant under
translations parallel to the real axis, assume in
the following that (1+ ), (4;) = 0. Fix 0 <e <

oo and define

E(Li1+e)) =1{fj : La+ey — C | fj is holomorphic
and

IM, e>—1:|f; (2) | <M |z ?*® as z> =0 }

By standard applications of Cauchy’s integral
theorem for f; € € (L(1+¢)) the formula

> H@
J

1
> @
Re z=(1+¢) 7 z

- 2mi

dz R
s (Rea
<0)

holds. Here (1+¢) € (0, (1+ ¢)) is arbitrary,
and the direction of integration is bottom up,i.e.,
from (14 ¢) — i) to ((1+ ¢) + i®). Since the
resolvent R(-, 4;) is bounded on the vertical
lines

(Re z=(1+¢)), €>-1, the integral

PRIDEDWICH

1

- 2mi

D SO R, A)

Re z=(1+¢) J
converges absolutely.
Proposition 2.1. The“se defined mapping & :
E(L+s) — LX) ysatisfies the following
properties:
a) @ is'a homoemorphism of algebras.
b) If TIe£(X) commutes with 4;, i.e., T/4;
c A; T/, ite@mmutes with every ®(f;), f; € €.
c) ®(ff @)((1+¢e) —-2z)t) = @(f; )R((1+¢),
Aj)forallRe(1+¢) >(1+¢).
d e((1+e) -2 (W -2") = RA+e),
Aj)R(W, 4;) forall Re (1 + ¢), Re W/ > (1 + ¢).
Proof. a) This follows from a combination of

Fubini's theorem, the resolvent identity and
Cauchy’s theorem. The computation is the

same as in the classical Dunford—Riesz setting,
see [2, VIL.4.7].

b) is obvious.

c) follows from the resolvent identity, since by
Cauchy’s theorem the integral

Jres—cirey i @/ (L +e) — z)dz is equal to
zero.

d) Here a standard path deformation argument
Is used. In the integral

fRez—(1+s)((1 +e) - z)Y (W 2Rz, 4)) dz
shift the path to the right, i.e., lety(1 + &) grow.
When passing the bscissas'(1 + &) = Re (1 +
e) and (1+¢) = Repl the residue theorem
yields some additive  eontributions which sum
up to R((1+[e), 4)R(W, 4)) by the resolvent
identity; if

(1+(€) > Re(l+¢), Re W/, the integral does
not change any more as (1 + ¢) 7~ and hence
it issequalta zero. ]

Denote by M (L 4¢)) the field of meromorphic
funetions on the left half-plane

Re z < (1+¢). Then the triple (E(L(14s)),
M(Li1+s)), @) is a meromorphic functional
calculusin the sense of [7, Section 1.3]. A
meromorphic functions f; is called regularisable
ifthere is a function e € € such that ef; € € and
e(4;) is injective. In this case one defines

fi(4)) = e(4) ™ €f)(4)),

which is a closed sequence operators . This

definition does not depend on the chosen
regulariser

e € € (cf;. [7, Section .1.2.1]).
The basic rules governing this functional
calculus are the same as for any meromorphic

functional calculus, see [7]. The two most
important of these are the laws for sums:

fi(A)) + & (4)) = (f; +&/)(4))

and products

fi A)g@) < HENAN.D((fg)(4) N
D(g/(4))) = D(f; (4)) &/ (4)))-
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In particular, one has f;(4;) + gf(Aj) = (fj +
9)(4;) and f;(4;) g/ (4;) = (f;g’)( 4;) whenever
(4;) € L(X).

Note that every bounded analytic functions f; €
H%(L1+¢)) is regular is able, namely by the
function e(z) := (1 - z)2 . This is because
fi(z)(1 —z)~* decreases quadratially as z — <
and

e(4;) = R(1,4)* is clearly injective. In
particular, for each ¢ > —1 the sequence of
operators

e(1+s)Aj = (e(1+s)2)(Aj)

is defined as a closed sequence of operators
and D(47 ) c D(e+DA*D), & > —1,

Lemma 2.2. Let A; be the sequence of
operators of half-plane type, with (1 + €),(4;) <
0. Then for each x € D(47) the function

((1 + 8) — e~ (1+e)(A+e) o (1+e)4; X) : [0, oo) - X

is continuous and bounded, and its Laplace
transform is

[00]

j o~ (1+8) (1+8) Ze(us)Aj xd(1 + &)
Jj

0

=R((1+¢) ,4))xgm(Re (@ + )
> (1+¢))
Proof. Write e(™®4j x = (@#1+9/(1 - z)?

)(4;)[(1 —A4;)* x]. Then the contipuity in (1 +
€) is clear from Lebesgue’s theorem. The rest
follows by Fubini’s theorem.

Lemma 2.3. /et A; be a densely defined
sequence of operators of half-plane type. Then
D(A7 )d@re dense.

Proof. Forx € D(4;) and n € N we write nR(n,
Aj)x = x + R(n, 4;) (4;)x. The right hand side is
bounded in n, hence R(n, 4;)x — 0 as n — <,
But D(4;) is dense and the sequence of
operators

(R(n, Aj))n=1 are uniformly bounded. Hence
R(n, 4;)x — 0 for all x € X. But this implies that

nR(n, 4;)x = x + R(n, 4;)Ax — x whenever x €

D(4;);50 D(4;) © D(A?) which implies that
D(A?) is dense in X. n

Proposition 2.4. Let A; be sequence of
operators of half-plane type, with (1 + €),(4;) <
0. Then 4; is the sequence of generators of a
Co -semigroup T/ if and only if A; is densely

defined and e((+O1++(1+an)4; s 3 pounded

sequence of operators for all (1+¢);+ -+
(1+¢), € [0, 1] satisfying sup (1 +¢€); + -+
(1+¢), €[0,1] e FOt-+01A; < | |n this
case,

T/ ((A+e)+ - #E0+ ) =
e((1+£)1+---+(1+e)n)AJ- — H?=1e(1+£)iAj for all 1<
i<n

Proof. Let A; sequence of generates Co-
semigroup

(Tj (@+e)+--+(A+e), ) (1+e) 1+ +(1+)n 20 -
Then A, is densely defined. Hence D(A]?) is
dense, by kemma 2.3 Lemma 2.2 yields that
R(-, A;)x is the Laplace transform of edi x for x
€ Z)(A]2 ). By the uniqueness of Laplace

transforms, T/ (1 + &) + -+ (1 + €),)X =
o (1+E)A; X, 1+&);+-+1+¢), =2 0. Since

D(A? ) is dense and e+t *+(1+an)4; e
closed sequence of operators,
e((1+&)1++(1+e)n)A; = TJ ((A+e)++

(1 + ¢),,) are abounded sequence of operators.

Conversely, suppose that 4; is densely
defined and T/(1+é&);+ -+ (1+¢), =
e((+&)1+-+(1+n)4;  gre bounded sequence of
operators for all (1+¢);+-+(1+¢), = 0.
Then T/ are semigroup (by general functional
calculus) and D(4?) is dense, by Lemma 2.2.
the uniform boundedness
SUD(1+£);++(1+E)ne[0,1]) T/ (1+e&;+-+
(1+¢€),) < = one concludes easily that (T’
(Q+&)+--+A+¢€),)) is uniformly bounded
on compact intervals.L.emma 2.2 and the
density of D(A7) imply that (T/ ((1+¢&); + -+
(1+¢),)) is strongly continuous. Its Laplace
transform coincides with the resolvent of A4;

From
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on D(A]?) (Lemma 2.2, hence on X by density.
So A; are the sequence of generators of T/ .
|

3. The Hille-Yosida Theorem

The Hille-Yosida theorem is one of the most
fundamental results in the “elemen-tary” theory
of C, -semigroups. Show that it is a
straightforward consequence of the following
general fact of functional calculus theory (see ,
e.g.,[9]) .

Proposition 3.1. (Convergence Lemma) Let
A; be a densely defined half-plane type of
sequence of operators on the Banach space X,
with (1+¢€) (4;) < 0. Let 0 <& <o and let
((fp)i)i be net in H®(L4s) satisfying the
following conditions:

(i) sup; 2j||(fj)i||oo< o0;

(i) ) @) €exLX) for al i , and
sup; Till(Fi (4) || < =

(i) fj(z) = lim; (f;)i(z) exists for every z
€ Lrte) -

Then f; € H*(Lase)  fi(4)) € £ (X), (F7ifl4)
— fi(4;) strongly, and

ZillfApll s tim supi|| 2505 (Apil

Proof. The proof is analogous to the proof of [7,
Proposition 5.1.4]. By Vitali's theorem , f; are
holomorphic and the convergencejof the (f;);
to f; is uniform on' compacts. Moreover,
condition (i) clearly,implies that f; is bounded.

By Lebesgue’s theorem and the definition of the
elementary functional calculus ((fj); (2)

A -4 ) = (fF @A - 272 )(4) in
norm. Hence for

x € D(A7), )i (4)x = ((f: @(1 - 2)2)(4)1
=AY x = (fi @A = 272)(4)(1 - 4)*X =
fi(4)x.  Clearly Yillfianx] < lim
supi|| Z;(f)i(4)|- Since f(4;) is a closed
sequence of operators with dense domain
D(f;(4)) > D7), f; (4;) is bounded with
il | =

lim sup;|| X,;(f):(4)]| - Again by the density of
D(A?), (f)i(4;) — f;(4)) strongly. m
Theorem 3.2 (Hille-Yosida) Let A; be a
densely defined sequence of operators on the
Banach space X such that
(0, =) c Q(Aj) and M = SUPneN,e>—1||[(1 +
e)R((1 + ¢€),4)] || < ~. Then 4; is of half-plane
type with

(1+&) (4)<0and |e?*D4| <M for all £ >
-1.
Proof. First show that 4; is of‘half-plang type.
Fix p/ such that Re p/ >"00For > -1 large,
more precisely for (1%¢) > |0/|*/(2Re W),
one has |(1#e) —W/|<) (1+¢). By the
Laurent series expansion of the resolvent,

Sk a) =Y i(uf — 1+ )R
J

j n=0
+ £), A"t

and hence Y||[R(w, 4)|| < M|Z; W — (1 + )|/
(Tshe)™! = M/((L+)—|3;W -1 +8)] .
Let (14¢&)—>= to conclude |R(W,4))] <
M/Re W/ .1t follows that 4; is of half-plane type
with (14 ¢)o (4;) < 0.
Define 1, (146 (2) = (1 — ((1+&)z)/n)™™ . For
fixed 0 < ¢ < o and large n € N we have

SUDRe z=(1+¢) |Tn,(1+s) (Z) |

3

) (1+e)z
=< (lnfRe zs(1+¢) n

_ (1 @+ e)n(l + e)>_"

1-—

Since (1-(1+&)(1+¢&)/n)™™ — e~ (1+01+) g5
N — «, we have supp|[rm,qgl_< <. Also, by
hypothesis ¥ j||lma+e (@) ||FZ,](1 — 1 +
£)/mA) ™| =

Y[/ + &R/ ((1 + ), 4)]"|| < M for all n
€ N. Applying the Convergence Lemma
yields ¥||e*4i|| < M, as desired. n

Remark 3.3. A more careful statement of the
Convergence lemma and equally careful
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analysis of the above proof would lead to the
statement that for each xe X . One has

limy Ty 146 (4))x = eA*D4 uniformly in (1+e)
from compact subintervals of [0 ,) .
4. The Trotter-Kato Theorem

While in the convergence lemma the function is
approximated and the sequence of operators
are fixed , in the following fix the function and
approximate the sequence of operators . The
correct setup requires that the approximates
(4j),, are “of the same type” as the sequence
of operators , with the relevant constants being
uniformly bounded .

More precisely a family of the sequence of
operators ((4;);); is called uniformly of half-
plane type (1 + &) € RU {—oo} if each (4;); are
of half-plane type (1 + ¢) and sup; M4 (4;); <
oo for each B + € > o (see ,e.g.,[9]) .

Example 4.1. Let A; be of half-plane type O,
and let (4))a+e) = (1 +)A;R((1 +¢), 4;) for
€ >0 be the Yosida approximants. Then the
family ((4j)1+¢))e>0 are uniformly of half-plane
type 0. Indeed, a little computation shows

D R, (4 ase)
J

_ (1+¢)? R< @+ ) A-)
(W A+ e)? \(Ta+ W’ g
1
+(1+£)+uf

For the second temm,have,Y;|(1+ &) + /| <
min((1 + &)~ (Rew/)™ ) .To estimate the first
compute

Wl +e)
ke z<(1+e)+u1>

B Z(l +&)?Re/ + (1 +€)|uj|2
- I(1+2) + wI?

If A; be the sequence of generators of a
bounded C,-semigroup, it satisfies an estimate
YiIRW,4) || (1+¢&) Xj(Rep)) —1 for some
e > 0 and all Re @/ > 0. Given this, one obtains

D IRW (4]
j

- (1+ ¢)? 1+ e’

T LA+ e+ IR (14 e)?Rew + (1 + &)W
j

(e +2)

Re W

£y R
- Re(1+¢)+
independent of (1 + ¢). In the general case, fix

e > —f , take Re @/ 2  + ¢ and define
€ =f+e/l (2(B+¢€) + 1). It follows|that Re
(W/(2Rew + 1))2 ¢ and this implies

(1+¢)? (Re W - €) 2 2(1 + &)enRe W/, since
e > 0,. From this conclude that

Wa+e
Re z<(1+e)+u1>

N Z (L4 €)?Rep/ + (1 + e)|uj|2
- (1 +e) + W)

> €

and hence that
> R (4 e
J

(1+¢)?
SZ:((1+e)+Re )2 S

+e)4) + Re W+ (1+¢)

< 2(1 +8)(4)+1
j

independentof e >0and p/ 28 + ¢.
In the previous example clearly have
lim4e)-R(W, (A4)a+e) = R(W, 4;) in norm
uniformly in w/ from compact subsets of the
open halfplane (Re z > 0).
Proposition 4.2. Let ((4;),), be a family of
sequence of operators, uniform of half-plane
type with
(1+€)o(4;) = 0,and let A4; be the sequence of
operators such that R(w, (4)),) — R(W, 4;) in
norm/strongly for all Re p/ > 0. Then Aj is also

of half-plane type 0. Moreover, for 0 <e <
o and f; € E(L14+¢) One has f; ((4))n) —f; (4))
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in norm /strongly.

Suppose furthermore that A; are densely
defined. If f; € H*(L14¢) ) @and f; ((4j)n) € L(X)
for all n € N with C := sup, X||fi (4)n || < =,
then also f;(4;) € L(X), and f; ((4))n) — fj(4;)
strongly.

Proof. The first two assertions are
straightforward. Suppose that A; is densely

defined; by Lemma 2.3 this implies already that
D(A?) is dense in X. Take x € D(4}), f; €
H®(L(1+¢ ) and

ez) = f; @1 - 2% €
Then ¥j|le((4).) (1 — 4)%x || =
Sillfi (AR, (A4)n)* (1 — A4))%x || <
CY|IR(L, (A2 — 4)% x|

Since know already that e((4;),) — e(4;) and
R(1, (4))») — R(1, 4;), conclude that

il Apxll= Ejlleapa - 4p*|l s C
TR 4D*@ — 4)* x||=C lIx.

Since D(47 ) is dense, it follows that f;(4;) €
L(X) with ¥||f;(4)) || = C. To prove that

fi ((A))n) — fi(4;) (strongly), needfonly to
show f;((4))n)x — f;(4;)x for allx.€ D(4?). So
take x € D(A7) and let y := (1 - Aj)> x. Have
seen above that f; ((4).)R@@A).)? Yy — f;
(4;)x, so estimate the difference

%5 || A(Apa)x = £ @pn)R(L 4Dn) v ||=
%5 |15 (@pn)R@ Ay -

£((A) R, (An)? o[ <

C %j|IRG.4D%y — R(L (4Dn)?y [|— 0

by hypothesis. [

E(L(1+e))-

Remark 4.3. As in the Convergence Lemma ,
there is version of Position 4.2 that yields some
uniformity that ((fj);); € H*(L(1+¢)) is uniformly
bounded and sup;, X;||(f;)i((AD)] <
Then the  convergence  (f)i((4))n)x —
(Aj)i(Aj)x) is uniform in i , for every x € X .

Theorem 4.4. (Trotter—Kato) Suppose that, for

eachneN,is
Co -semigroup, and that ¥ ;|| e **9“)|| < M for
alle > —1, n € N. Suppose further that A4; are
densely defined sequence of operators and for
some g, > —1 one has (1 + &), € (4;) and
R((1+¢€), (4))n) — R((1 +&)o , 4;) strongly.
Then A; sequence of generates Co -semigroup

the sequence of generators of

and one has e +&@pdn x —, ¢(1+4jx yniformly
in 0<e< o, foreachxe X, e>—1.

Proof . The theorem is a consequence of
Proposition 4.2 and the remark nextta it , as
soon as can show that actually{Re z > o} c
e(4)) and R(u’, (4))n) X R(uip4;) for all p/ >
0. This is done like. in [3,, Proposition 111.4.]
|

Remark 4.5. A common assumption on A4;
implying the reselvent convergence is the
following: the sequence of operators A; are
densély“defined,( (1+¢),— 4;) has dense
range, .and there exists a core D of 4; such that
(4))n X (4;)xforallx € D . See [3, Theorem
1114°9].

However, one might not always be given the
sequence of operators A4; . Its existence is
ensured by the following condition: R((1 +
£)o,(4j)n) — Q € L(X) strongly, and Q has
dense range. Indeed, by general arguments as
in [7, Appendix A.5] one has Q = R((1+ ¢), ,
A;) for some possibly multi-valued of the
sequence of operators 4; , which is densely
defined by the range assumption on Q. It
remains to show that 4; is in fact single-valued,
l.e., Q isinjective.

5 . The Universal Model and the Phillips
Calculus

The functional calculus for the sequence of
operators of half-plane type provides us with a
wealth of functions f; where f;(4;) are defined.
It uses the Cauchy formula and only some
information of the growth of the resolvent. To
obtain more information, one has to make
stronger assumptions, typically of the type that
certain  f;j(4;) are required to be bounded

http://escipub.com/research-journal-of-mathematics-and-computer-science/ X
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sequence operators. An averaging over the
(fj)s vields new representation formulas

different from the Cauchy formula, and so more
information about the functional calculus [9].

As an example of these fairly general
considerations, let us  suppose that
Aj the sequence of generates a bounded C, -

semigroup (T/(1 + €)).-_4. For a finite measure

u’ € M [0, ») one defines its Laplace transform
by

£y (W)@ = [ e Y wa
J J

(Rez <£0)

It is well-known that £(x’/)is holomorphic on
(Re z < 0), and bounded and continuous on (Re
z < 0). Moreover, u’ is uniquely determined by

L(u).
If f; = L(u') we define

Zj:fj(Aj)x — f[o'w)z TI((1 + &) (d(1
+¢))

This yields an algebra homomorphism (1. —
L(u)(4))) : M[O, =) — L(X).

By the following lemma, this is in accordance
with the previous definitions.

Lemma5.1. Lete>—1, and letf; € E(L(14) )
Then there is functions g/ € L1(0, ®) such that

+ ¢€))

(xeX)

ij(Aj) =ngj (1RTI(1 + £)d(1 +¢)
j of J

If f; € H¥(L (14 )iis_such that there is u/ € MO,
) with\f; =£(u’), then indeed

ij(Aj) y j[ MZM + A + )

where the left-hand side is defined by the
functional calculus for A; as sequence of

operators of half-plane type 0.

Proof. To prove the first statement let (1 +¢) €
(0, (1+¢)) and define Y g/ (1 +¢) =

1

ﬁfRez= (1+€) Y fi(@)e " *+9dz Then g€

L1(0, =) and Fubini’s theorem does the rest.

For the second assertion assume without
restriction that ¢ < —1. Define e(z) = (1 - 2)2,
SO

efj, e € €. Find g/ € L}(0, ~) such that £(g’) =
e. Then e f;= L(u/x g’), and so

) (4;) = T/(1 Jx gl )(d(1
Qe @)= | D rasa e
+¢&)) =
f Z T/(2(1 + &))@l + £))gi(1

[0,00) [0,00) J
+¢e)d(1+.¢€)

4 j ZTf(l '+ e)g/(1+ ) d(1

[0,0) J
+&)

f z T (1+ ) (d(1 + &)

[0,00) i
= z e(4)) J TI(1+ &)p’ (d(1
J [0,00)
+¢€))
This yields the assertion. [ ]

Important about the Phillips calculus is the fact
that it is all that one can expect in general from
the functional calculus for semigroup sequence
of generators , introduce a very special
semigroup

Example 5.2 (Shift semigroup) Let X = L1 (0,
©)and let T/(1+¢&)f;(1+¢€) == f; (1 +e) + (1 +
g)) for e > —1. Then T/ is as trongly continuous
contraction semigroup on X with sequence of
generators 4; = d/d(1+ ¢€) on D(4;)= W0,
«). If we think of L'(0, «) as sitting inside
L (R), with all functions in L (0, «) being zero
on (-, 0), then the resolvent of A; can be
written as R((1+¢), 4)) f; = eqsrey* f; |©=)
With eqie (1+€) = e90+) 1., for Re
e > —1. It can be shown that actually o(4;) =

(Re z = 0). The Phillips calculus for this
particular semigroup reads
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LW)(4) fj = (1) * fj)lo=) . (f; € LY(0, =))
where (u/)~ (B;) = u’ (-B;) for every Borel set
B cR.

Claim: The mapping

(W — Lp))A)) : M[O, =) — L(L (0, ))

is isometric.

Proof. Clearly the mapping is contractive. Fix
p/e M[0, =) and denote f; :=L(u’).Fix y; €
L'(0, ) and ¢; € Co [0, =) such that

Zillwill, llesll, < = . Then

Z|((13‘Aj)¢j'</’j>|
J
2.
+€))pj(1+e)d(1+¢)

=Z joll’j(l
i lo

(1+¢)

+¢€) f Yi((l+e)—-(1
0

f ;201 + ) (d(1
0

+ ) (d(1 +E))AW + &)

Taking the supremum with respect to v; yields

Zsup¢j|((ﬁ(Aj)¢j'<Pj>|

J

t
fsupeti ) [w@a+o-a

J 10
+ e (d(1 + &)

By choosing suitable ¢; we see that

il F@Apll= Zjsupy supy, KFADW; o) 2
lu/] ([0, (1 + &) ])

for any € > —1. Letting (1 + €), — « concludes
the proof. [

As a consequence one obtains the following

“transference” type result [9] .

Corollary 5.3. Let A; the sequence of

generates bounded C, -semigroup on the
Banach space X .Then

Z”fJ'(AJ')HL(Aj)
J
< supes_ Y 171
J
+ o) Ellfj(d/d(l + E))"L(L1(0,oo)
J

for every f; € {£(u’) | W/ € M[0, =)}.
Proof. Let f; = L(u/). TheA'fi(4,)x=

fZTf(l +6) ol (d(1 + )
7

for all x € X, whence
> 15 < [supes—s ) T2
J j

ol Il

But zj||uf||M[O‘oo) = Y|lfi@/d@ + &) was
shown above. ]

We can now state the main result.

Proposition 5.4. Let 0 <e<o and let f; €
H%(H1+¢))- Then the following statements are
equivalent:

(i) fj (4;) are bounded sequence operators, for
each sequence of generators of a bounded
semigroup

T/ on a Banach space X.

(i) fj(4;) is a bounded operator, where A; =
d/d(1+ €) sequence generates the left shift
semigroup on X = L1(0, ).

(i) There exists u/e M[0, =) such that fi =
L(u).

Proof. The implications (iii) = (i) = (ii) are
trivial. Suppose that f;(4;) are abounded
sequence operators on X = L(0, <), where Aj
= d/d(1+ ¢) is the sequence of generators of
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the left shift semigroup (T/(1+¢),>_; . Let
(@) = fi@In/(n = 2)* . Then (f)a(4)) —
f;(4;) strongly. By Lemma 5.1, (f;),=£(g’), for
certain (g/), € L'(0,»). By example5.2 |,
Sill@)nll, =25 (FH)n@] . and this is clearly
bounded independent of n. Since Co[0, «) is
separable, the weak * topology on bounded
sets of M[O, «) is metrizable. By compactness,
there exists subsequence (ng), and a
measure u’/ € M[0, «) such that ((g/)n)k— 1’
weakly * . For fixed Re z < 0, the function

(1+e) — e®)Z isin €, [0, =), and hence

Z f @D/ Gy = 2T Z((f,)n)k(z)

f Z((gf)n)k(l

+ s) e<1+£>z w(d(1 + ¢))

But clearly ((fj)n)x(z) — f;j(2) also, whence f;
= L(u). u

The proposition explains the importance of the
Phillips calculus for results about approximation
in norm, like the Post-Widder, the Phragmen-
Doetschand the Complex inversion farmulas,
see

[3, Section Il1.5]. In fact it shows that the proofs
given there are natural.

6. Sectorial And Strong Strip-type Operators
If the semigroup is a group, the spectrum of the
sequence generators are,contained in a vertical
strip. So the appropriate functional calculus is
for functions living on that strip and not in a half
plane. For reasons,that will become clear later,
it is “desirable to consider horizontal strips
instead of vertical ones (see ,e.g.,[9]).

For e > —1 we define
S(A+8)a+e ={Zz€C|[Imz| < (1+ &)}
and S(1 + )y := R.
Definition 6.1. The sequence of operators 4;

on a Banach space X is called to be of strong
strip-type € > —1 (in short: 4; € SStrip(1 + ¢)), if

0(4;) € S(1 + €)1+ and for every ( ) > (1+

¢) there is M(ﬁ) such that

Y IR +2,49)]
J

1+¢
=)

< (IIm (1 + €|

&
7 lim (1+ o)l = (
1+¢
> (=)
The least of the (1+¢&) such that A; €
SStrip(1 + ¢) is denoted by (1 + &) 4 (4)):

For example, if -iA; sequence of generates
group (U(1 + &))1+e)er SUeh that f|U(1+ )| <
M e(+oli+el then 4; isgof strong,strip-type (1 +
€). One can weaken,the hypothesis; in fact it
suffices that fthe exponential group type 6(U )
< (1+¢). Here
B(U)#=infle > =1/Fe >0 :
) e#8I+el((1 4+ £) € R)}.
With, a ‘strong strip-type the sequence of
operators A; € SStrip(1 + €) there comes along
a\natural holomorphic functional calculus. One
considers functions f; holomorphic on strips

If f has

NlU@+e)|l=1+

(1+e)(A+e),with ¢;> (1+e).
integrable decay a(1+¢) £ =, e.g.,
fi =0(lzI"®*) as |z] —

some ¢ > —1, then f;(4;) are defined by the
usual Cauchy integral, the contour being the
boundary of an appropriate strip. This gives a
primary functional calculus for A; and is
extended to a meromorphic functional calculus
via the usual regularization procedure, see [7
,Section 4.2]. Of course this functional calculus
extends the two half-plane calculi available for
A;j . (Note that + i4; are both of halfplane-type
and so, have natural functional calculi on left
halfplanes.)

It is clear that a result analogous to Proposition
2.4 holds. The sequence of operators —i4;
sequence generates C, -group if and only if 4;
is densely defined, of strong strip-type, and
(e'@+92)(4;) is bounded for all (1+&)eR. In
this case, one can set up a Phillips calculus and
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obtains

ij(Aj) x = fz UL + &)l (d(1
J Jj

+¢)) (x€X)
if fi(z) = p(z) = e'a+9z i (d(1+¢)) and w’ is
such that e +911+el j(d(1+¢)) € M(R) for some
(1+&) > 6(U ). See [6] for proofs.

Strong strip-type operators arise naturally as
logarithms of sectorial operators [7,Proposition
3.5.1], and the fact that there are sectorial
sequence of operators without bounded
imaginary powers Yyields the existence of
natural examples of strong strip-type sequence
of operators that do not sequence of generates
group. For the sake of completeness, give the
definition of sectorial sequence of operators .
Let (1 + ¢) € [0, 1] and define

St+e)
= {ez|z
€s(1
z#0largz< (1+¢), (e>-1)
+ S)(1+£)}{ [0 ) oo) ) (E — _1)

Definition 6.2. The sequence of operators A4;
on a Banach space X is called sectorial" of
angle (1+¢) < mif 0(4;) € S(14gmand for every

(“S) € ((1 + ¢), ] there is M(Zﬁ) such that

i@+ R +e),4) ||<

&) le [(=5), m.
The least (1 + ¢)sSuch that A; € Sect(1 + ¢), is
denoted by, (1 + £)sec(4).

For sectoriale operators there is a natural
meromarphic functional calculus set up exactly
in the same way as for the sequence of
operators of strip- or of halfplane-type [7].(The
functions live on larger sectors Sp; of course).

M(%) (larg (1 +

The pay-off for semigroup theory lies in the fact
that sequence of operators —A; generates a
bounded holomorphic semigroup if and only if
A; is sectorial of type < m/2 [7 ,Section
3.4].

There is strong link between sectorial

and strip-type operators. It was proved
essentially by Nollau that if 4; is an injective
sectorial sequence of operators of angle (1 + ¢)
then log 4; is of strong strip-type (1+¢) . In fact,
it was proved in [4] that the strip-type of log(4;)
is equal to the sectoriality type of A;: (1 + €)4
(log(4))) = (14 &)sec (45). In [S] could even
show that the spectral mapping theorem
o(log(4;)) = log(a(4;) \ {0} holds.

One can switch back and forth from 4; to log
A;, as far as the functional “calculi are

J
concerned. Indeed, there is a composition rule

fi (log 4;) = (f; (log 2))( A7)

in the sense thatuf;(log(4,)) is defined if and
only if (f;(log /2))(4;) is defined .The sequence
of operators —ilog(4;) sequence generates C, -
groupf and onlysif«A; has bounded imaginary

(Since ei(1+e)log z =

z!(X9 and, in view of the composition rule
above, this does not come as a surprise.) See
[7] for proofs and more information.The
symmetry between (injective) sectorial and
strip-type sequence of operators, however, is
only partial. There are strong strip-type
operators that are not logarithms of sectorial
ones. (An example is —d/d(1 + &) on L(R)).
Here, the best result up to now isby Monniaux
[8]; it states that if —i4; sequence generates a
C, -group U of type 6(U) < 1, and if the space X
is UMD, then 4; is the logarithm of a sectorial
sequence of operators. See [6 , Section 2.6 and
5.1] for a recent new proof.

i(1
powers(A ) yer -

Let us note that as in the semi group case ,
there are Convergence Lemmas and Trotter-
Kato type results for sectorial and strip-type
sequence of operators , cp. [7 , Section 2.6 and
5.1]

7 . Cosine Functions

Turn to the treatment by functional calculus
methods of cosine the sequence of operators
functions. As a guiding intuition, think of the
sequence of generators -A; of a cosine
function as -4; = (-iB;)*> where -i(B;) the
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sequence of generate generates group [9] . It
is then pretty natural to consider a functional
calculus on the parabola

M14e) = {221 2 € S(1 + &) (144 }-

To define an operator of parabola-type (1 + ¢)
need to specify a resolvent estimate that should
hold outside every larger parabola. A natural
way to find such a condition is to look at the

negative sequence of generators of cosine
functions .

So let —-A; sequence of generates a cosine

function Cos on the Banach space X, and
assume That

ICos(1+¢&) || < M e(*O+el (1 +¢) € R. By
definition,

(1+ R Z(a +€)?,—4))
7

_ f eI+ Cos (1 4 £)d(1
0
+¢€) (Re(1+e)>(1+¢)

Taking norms and estimating yields
ZJIIR( (1+8)% 4| <
(Re(1+¢&)> (1

|1+¢|(Re (1+£) (1+¢))
€)) 1)

The function (z — z?) : (M z > (1+¢)) —
C/T1+e Is biholomorphic, itsinverse being

on a branch of the square root. Writing u’/ =
-(1+¢)?in (1) yields

Y lIRG 4|
j

<MY — =
I (|mmw]) - 1+ )
¢ l—I(1+£))
This expression is actually independent of the
branch of the square root take. It yields the

canonical resolvent estimate for a parabola-
type sequence of operators .

J

Definition 7.1. Let ¢ > —1 and define (1., =
{z2 | z € S(1+¢&)u+e } The sequence of
operators A; on a Banach space X is called to

be of parabola-type (1+¢) (in short: A; €
Para(l + ¢)) if

0(4;) cll14¢ and for each (%) > (1+¢)

there exists M(ﬁ) such that

D lIRw 4|
J

M 1+e
< Z (=) (s
- 1+¢ J
7 Jil (o ) - (229,
# ey

The least of the (1 + ¢) suchithat'4j€ Para(l +
¢) is denoted by (1 + £)par (4)):

Have seen above that ify,—-A4; sequence of
generates a| cosine function of exponential

growth type (L+e) then A; is of parabola-type
(1 + €). Here is another example.

Lemma 7.2. Let B; € SStrip(1 + ¢). Then 4; :=
(B)%€ Para(l + ¢).

Proof. Fix (”5) >((1+e)and pu’ € (C/H(Hg)
Since B; is of strong strip-type, find M(&) such
that

YilIR((+€),B) || = Mt

(=N m (1 + 21 > ().
Taking (1 + ¢) ::\/ﬁ (either choice) yields .
R(u),4;) = (1 + )% = (BHH™?
= —R((l +¢),B)R(—(1+¢),B))
2(1+ )(R((1+e),B)
—R(—(1+¢),B))

by the resolvent identity. Estimating the norm
yields the assertion. [

(IIm (1 + &)

And yet another one.

Lemma 7.3. Let € > —1 and let 4; be sequence
of operators on a Banach space X such that

O-(A]) C H(1+£) and
YjlR, 4p) ||
(.uj ¢ I—[(1+£))

(1+¢) dist(w/, TMgig)™
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for some ¢ > 0. Then A; € Para(l +¢). More
precisely,

> lIRG 49|
J (1+¢)

<
_Z\/W(Pm\/ﬂ)—(ue))

€ M1se))
Proof. Let [Im (1 +¢)| > (1 + ¢). It suffices to
show that
[(1+&)| (Im(1+e&)| - (1+¢)=<dist((1+¢)?,
Mi14g) ), 1€
[(1+6)? — z%]= |(14+¢&) —zl|[Q+e) + 2| <
I(1+ )| (IIm (1 +¢) | - (1+¢))
for all zsuch that |[Imz| < (1+¢).But|z — (1 +
Hlz2(ImA+¢e)|-1+¢e))and|z + (1+¢)| 2

(IIm (1 + &)| -(1 + ¢)). And at least one of the
factors |(1+¢) —z| , |[(1+&) +z i(1+¢) 2
|(1+¢)|, for trivial geometrical reasons.
m

Corollary 7.4. Let X = H be a Hilbert space and
let A; be such the condition of lemma 7.3 with ¢

= 0, and so is of parabola-type .thatfits
numerical range and spectrum is contained, in
;146 .Then A; satisfies with ¢ = 0, and so is of

parabola-type.

Set up a functional calculus%er a parabola-type
of the sequence of operators

A; € Para(l+¢) in the obvious™fashion. Let
@; > (1+¢)andlet

E(Ily,) = f; € {0M, N /5 (@) = O( |z|~¢) as z —
« for somé € >\ }

Then

fi1+¢€)

Zanm ij” a7

€ “(ﬁﬂ

&

(1+¢9)

by Cauchy’s theorem, where (%) € (1+e9),
@;). Define

J( J) 27Ti fan(ﬁ) ij(Z)R(Z,Aj)dz

1+¢
e WA S D A
= (ﬁ)_w fj(z*) zR(z*, A})dz
&
and as usual this does not depend on the
choice of (1:‘9)

shows that
homomorphism

© 1= (f; = f; (A7) 1 E(Ty)) 1 LOK
and that it respects resolvents:
((A+e)- 27 (4) /=
(1+e) ¢1,).

Therefore, a meromorphic functional calculus in
the sense of [7, Section 1.3] is defined, and

there is a canenical’ definition of  f;(4;) for
meromorphic functions f on I, that are

regularisable by elements of 8(1‘l<pj). Of course

. In the usual fashion one

this defines an algebra

one ‘obtains a corresponding Convergence
Lemma in the case that 4; is densely defined.

If the parabola-type of the sequence operators
A; arises as a square A; = (Bj)2 of a strong
strip-type sequence of operators B; , then there
IS an obvious composition rule:

Proposition 7.5. Let B; € SStrip(1+¢) and 4; :=
(Bj)?. Let @; > (1+¢) and f; € M(I,,) such that

fi(4;) is defined. Then [f;j(z?)](B;) is defined
and

fi @)(B;) = f;(4)).

Proof. By [7, Proposition 1.3.6] one may

suppose without loss of generality that f;
€ S(Hq,j). Then one may perform a computation

similar to [7, p.43,p.96/97]. Butit
simpler:

ij(Aj) =2me Zf,(z)R(z A;) dz

1

iS even

1+E)ij<z2>2zR(z2, (8;Y?) dz
VA T ]

" 2mi 1m z=(
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1
T b D)
— R(—Z, B; )] dz
1 2
= [zmz=(¥)1Z fiz)IR(2 B; ) dz

DNARICH
J

with the appropriate orientations of
contours. [ ]

the

If we shift a parabola-type the sequence of
operators far enough to the right, we obtain a
sectorial sequence of operators (of arbitrary
small angle) (see ,e,g.,[9]).

Proposition 7.6. Let ¢ > —1 and let 4; be the

sequence of operators on the Banach space X
such that

> lrG 4|

J
<> -
VI ([m Vi) = (1 +))

¢ l-I(1+.€))

Let (Bj)g := A; + ((1 + &)/ cos 8)2 . Then (B))e
is sectorial of angle 1/ 2 — 6. For 8'= 0 one has
even

D IRG B
J

1

SZMZ :
— |Reyu’ |
J

<.0)
whenge -(B;Jy is actually of half-plane type 0.

(Rr @/

Proof. 'First prove the assertion for (B;),. Let
Re u/ <0 and find (1 + ) = x + iy such

that (1 +&)2=u/ - (1+¢&)?andy> (1+¢). By
assumption on u/ , xX2<y2- (1+¢)2. Then

YR, BN = Y IR +2)%, 40|
j j

M

<
VxZ+yr (y—(1+¢9)

But Re /= Re (14+&)2 + (1+¢)2=—-(y 2 -
(1+ &)?-x2), and hence

[Re Zjmjl  _ _y?-(1+e)?-x? y2-(1+e)? _
Vxty? (y-(1+e))  JaZry? (y-(1+e) T y(y-(1+e)
e _ 4 2L <2

(1+¢)

Fix 8 € (0, 11/2). Establish the estimate
IR B0
j

2M
< .
(Cos 0)|ZjRe ull

<0)
and this implies what statedin theyproposition.
Let Re u/< 0 and find (A + &) =%+ Iy such that
y> (1+¢) and(TRe) = (e /- (1+¢)/
cos 0)?.
Then p/ = e¥((1 + €)2+ (1 + ¢) / cos 8)?) and
SO

(Re p/

= y2—((1+€)/cos0)? — x?

+ (tan 6)2xy
= (2 — 1+ )31+ tan?6)
— (x — y tan®)?

cos 0

and this ie > 0 by hypothesis. All in all we can
estimate

D lIRG e Bol = D IR+, 47|
J J

M
S|(1+e)|(1m(1+£)—(1+e))
B Z M cos @ (—Re u’ /cos )
G IRewl [ HyE (y -1+ )

M cos 6 I(y2 —(1+ 83 + tan?8) — (x — ytan 6)?

YjlRe p Jx2+y2 (y—(1+¢)
- McosO [(y+(1+e)(1+ tanZB)l
" |Re X;u| Jx2+y?
2M
< .
(cos 9)|Re Z]-y1|
This concludes the proof. [

One can easily show that a composition
rule

fi ((BDe) = [fj (z+ ((1+£)/cos B)))](4))
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holds when f;((B;)e) is defined by the functional
calculus for sectorial sequence of operators
(oral so, in the case 6 = 0, by the one for half
plane-type operators). By [7, Propositionl.3.6]
one needs to know it only for functions f;
belonging to a generating set for the primary
calculus for (Bj)e . Here the assertions follows
from Cauchy’s theorem .

How can access cosine sequence of operators
functions by the functional calculus? Let 4; be

of parabola-type &> —1. Consider the
functions
(e (@) = cos((1 + e)Vz) ((1+e)
€ R)

which are bounded holomorphic functions on
every parabola My, ¢;> 0. So

Cosy;(1+€) = (fila+e (4)
(1+¢) €eR) (2)
is a well-defined family of closed sequence of
operators, and it is no surprise that the
analogue of Proposition 2.4 holds.
Proposition 7.7. Let 4; be sequencegof
operators of parabola-type &> —1 on| the
Banach space X. Then -4; sequence of
generates a cosine function (Cas(lit £))u+¢)er
if and only if A; is densely defined" and
COSy; (1+¢) (defined by (2))fis bounded

sequence of operators_for each™(1 +¢) €R,
satisfying

SUP(1rereroz) X [[G0say (M) < = In this
case Cos(@+e) = Cos,, [ (1 +¢), (1+¢) €R.
Proof«£Suppese that -A; be the sequence of

generates@ cosine function Cos, fix u/ > (1+¢)?
, and let

X € D(4;). Then X € D(CosAj (1 + &)) for every
e > —1. One has

Cosy; (14 e)x = [(fi)a+e/(; + 2)1(A)( 1y + Aj)X
and (1+¢) — Cosy, (1 + &)x is continuous, by

Lebesgue’s theorem. Taking Laplace
transforms and applying Fubini’s theorem yields
(with y = (u/+ 4;)x)

o

f e~ (1+)(1+e) Z Cosy; (1+e)xd(1+¢)
0 j

oo

= f f e—(1+£)(1+£) COS((l

GO

+e)Wz)d(1

+¢) Z

J

e R(Z ,Aj)dzy

— 1 f Z (a+e) . R(z,4;)dzy
2mi . 5 (1+e)2+2)(ul+2) J
()
=1+ +’+A4)" (W +4) "y
= (IRa)R((1+ &2 —4;) x
for (14+¢) > \(1+¢). Uniqueness of Laplace
transforms yieldsi€es, (1 + ¢) x = Cos(1 + ¢) X,
e > —1.Since D(4;) is dense and Cosy; 1+¢)
areselosed sequence of operators,
Cosy; ((1+ &)1+ ¢) = Cos(1 + ¢) are bounded
sequence operators for every € > —1.
Conversely, suppose that Cosy, 1+e¢)

are bounded sequence of operators for every

e>—1 and that supgieepoz 2 ”CosAj 1+

€) ” < . By general functional calculus,
Cosy; satisfies the cosine law [1, (3.88)], and
so [1, Lemma 3.14.3] shows that Cosy, is
exponentially bounded. As seen above, Cosy,
(1 + e)x is continuous for all x € D(4;), hence by

the density of D(4;), this is true even for all x €
X. Hence, Cosy, is cosine function. But the

computation above (together with density of
D(4;)) shows that the Laplace transform of
Cosy, is (1+&R((1+¢€)? , -4;), whence -4;
are the the sequence of generators of Cosy; -
|

Using a Convergence Lemma for the functional
calculus on parbolas, one can aim for rational
approximation results for cosine functions.
Similarly, a Trotter-Kato type result holds.
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